Abstract. We realise the first and second Grushin distributions as symmetry reductions of the 3-dimensional Heisenberg distribution and 4-dimensional Engel distribution respectively. Similarly, we realise the Martinet distribution as an alternative symmetry reduction of the Engel distribution. These reductions allow us to derive the integrability conditions for the Grushin and Martinet distributions and build certain complexes of differential operators. These complexes are well-behaved despite the distributions they resolve being non-regular.
Introduction
For each k ≥ 0, the pair of linear differential operators on R span all vector fields at which point all other commutators between these fields vanish. In this article, we shall only be concerned with the cases k = 1 and k = 2 but, in fact, the case k = 0 is very familiar for then the integrability equation for the system
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More precisely, if we denote by E the germs of smooth functions on R 2 , then the complex of differential operators
is locally exact except at the leftmost E where the cohomology is R, the real-valued locally constant functions. This is the familiar de Rham complex with local exactness a consequence of the Poincaré Lemma.
The aim of this article is to present similar integrability conditions and consequent differential complexes for the Grushin distribution in cases k = 1, 2 and also for the Martinet distribution [6] , which is a pair of differential operators on R 3 as follows:
This is not regular in the classical sense because the span of the derived vector fields
drops rank along the (y, z)-plane, {x = 0}. But, again, the two fields X and Y are bracket generating since
span the full tangent space. The complexes that we shall construct are not true resolutions. In addition to having cohomology equal to R at the start, we shall allow them to have finite-dimensional cohomology in other degrees. Bearing in mind the lack of regularity, i.e. that span{X, Y } and other vector spaces generated by Lie bracket are allowed to jump in dimension from point to point, this is a small price to pay.
We shall devote separate sections of this article to the three cases under consideration and consign to two appendices brief reviews of the Heisenberg and Engel distributions from which they will be derived.
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The first Grushin distribution
Recall that in this case we are concerned with the three vector fields
on R 2 with coördinates (x, y). We shall derive integrability conditions from the Heisenberg fields on R 3 with coördinates (x, y, t), namely
The Rumin complex , discussed in Appendix A, says that
is locally exact except at the leftmost E 3 where the cohomology is R, the real-valued locally constant functions. Here, we are writing E 3 for the germs of smooth functions of the three variables (x, y, t) and shortly we shall write E 2 for the germs of smooth functions of the two variables (x, y). Evidently, there is a short exact sequence
Also note that the vector field ∂/∂t commutes with X, Y, Z. Therefore, we may consider the commutative diagram
to which we may apply the spectral sequences of a double complex, or indulge in diagram chasing, to conclude that, not only is there a complex of differential operators
in which X, Y, Z now denote the differential operators (2) on R 2 , but also that the cohomology of this complex resides in the zeroth and first degrees, where it is R. In particular, we have found integrability conditions for two smooth functions a = a(x, y) and b = b(x, y) to be locally of the form a = Xf and b = Y f for some f = f (x, y) as follows.
Then, for a pair of smooth functions a and b defined on U,
∃ a smooth function f on U and a constant C such that Xf = a and Y f = C + b.
The Martinet distribution
We shall derive integrability conditions for the Martinet fields (1) on R 3 from the Engel complex on R 4 constructed from the fields
The Engel complex takes the form
where the differential operators are
Notice that ∂/∂t commutes with each of the vector fields X, Y, Z, W and so we have a commutative diagram
where each row is the Engel complex. Arguing as in §2, we conclude that there is a complex of differential operators on
in which the differential operators are exactly as in (5) except that X, Y, Z, W now stand for the vector fields
on R 3 , the first two of which are the Martinet fields (1). Moreover, the local cohomology of the complex occurs only in degrees zero and one, where it is R. In particular, the integrability conditions for the Martinet fields as as follows.
Theorem 2. Suppose U
open ⊂ R 3 is contractible. Let X and Y denote the Martinet fields (1) on R 3 . Then, for a pair of smooth functions a and b defined on U,
∃ a smooth function f on U and a constant C such that Xf = a and Y f = Cx + b.
Here, for convenience, we have set
The second Grushin distribution
Recall that we are concerned with the four vector fields
on R 2 , which we may clearly view as the four Engel fields (4) acting on smooth functions f on R 4 that happen to be of the form f = f (x, y). Evidently, we have the exact sequence
It is the de Rham complex in the (z, t)-variables. Since both ∂/∂z and ∂/∂t commute with the Engel fields (4) there is a commutative diagram
in which the rows are the Engel complex with appropriate multiplicity and the columns are copies of (7). As in §2 and §3, it follows that there is a complex of differential operators on R
in which the differential operators are exactly as in (5) except that X, Y, Z, W now stand for the vector fields (6). Moreover, this complex has local cohomology R in degree zero, R ⊕ R in degree one, and R in degree two. More explicitly, we have proved the following.
Theorem 3.
Suppose U open ⊂ R 2 is contractible and let X, Y, Z, W denote the Grushin fields (6) on R 2 . Then, for smooth functions a and b defined on U,
if and only if there is a smooth function f on U and constants C and D such that Xf = a and Y f = Cx + D + b. Furthermore, for smooth functions c and d on U,
if and only if there are smooth functions a and b on U and a constant E such that
Otherwise, the complex (8) is locally exact.
There are several different viewpoints on the Rumin complex on R 3 and here is not the place to go into the details concerning various subtle distinctions. In fact, the minimal structure required for the basic construction is that of a contact distribution [7] . A more refined outcome is obtained starting with a pair of line fields that together span a contact distribution. This structure is known as contact-Lagrangian 
where denotes the bundle spanned by the enclosed forms. Notice that the composition
and hence defines an isomorphism between these line bundles. The Rumin complex is obtained by using this isomorphism to cancel these line bundles hence obtaining, by dint of diagram chasing, a new locally exact complex
The operators in this complex may be explicitly computed. The oneform ω = aξ + bη for example, enjoys a unique liftω annihilated by the composition Λ
Specifically, from (9) we see that
and the formulae of (3) emerge.
In fact, as explained in [2, 4] This case is discussed in detail in [3, § §3,7] . Here, suffice it to say that the construction is completely parallel to that just discussed and that the result is a BGG complex for the homogeneous space Sp(4, R)/B with B a Borel subgroup. In the notation of [2] and following the construction in [3] with a co-frame ξ, η, ζ, ω such that dω = ζ ∧ ξ dζ = η ∧ ξ dξ = 0 dη = 0 leads to the explicit formulae of (5). We remark that the Engel fields are often written as X = ∂/∂x − z∂/∂t − t∂/∂y Y = ∂/∂z Z = ∂/∂t W = ∂/∂y but we prefer the form (4) so as better to relate to the Martinet and Grushin distributions.
